Polyharmonic functions are considered on open sets in a Riemannian manifold R and their potential-theoretic properties are studied using the notion of complete m-potentials. Also one obtains here some characterizations of domains in R on which such complete mpotentials exist.
Introduction
A locally-integrable function u on a domain Ω in a Riemannian manifold R is said to be m-harmonic if m u = 0 in the sense of distributions. When Ω = n , the m-harmonic functions have nice properties if n 2m + 1. For example, given any m-harmonic function u outside a compact set in n , there exists an m-harmonic function v on n such that (u − v) tends to zero at infinity if and only if n 2m + 1. We call a domain Ω in a Riemannian manifold R an m-potential domain if Ω has certain potential-theoretic properties as n , n 2m + 1. In this note, we prove some intrinsic properties of such m-potential domains.
Preliminaries
Let R be a connected, countable, oriented C ∞ Riemannian manifold of dimension n, with local coordinates x = (x 1 , . . . , x n ); dx denotes the volume measure; and the Laplace-Beltrami operator denoted by u = div(grad u) is taken in the sense of distributions.
For any Radon measure μ 0 on R, we can construct a superharmonic function s on R such that (− )s = μ (see Anandam [3] ). In particular, if f is a locally dx-integrable function on R, by considering the positive and the negative parts of the function f , we have a δ-superharmonic function u such that (− )u = f . Again, since u is locally dx-integrable, there exists a δ-superharmonic function v such that (− )v = u which can be written as (− ) 2 v = f . Thus, for any integer m > 0, we can construct a δ-superharmonic function g such that (− ) m g = f .
A locally-integrable function u on an open set ω is said to be m-harmonic on ω if (1) We say that u = (u i ) is a complete m-superharmonic function (respectively a complete m-potential) on Ω if each u i is superharmonic (respectively potential) on Ω. 
Remarks.
(1) The term "complete m-superharmonic" is suggested by the terminology completely subharmonic on n used by Nicolescu [5, p. 16 
m-potential domains
In this section, we study the properties of positive complete m-superharmonic functions defined on a domain Ω in a Riemannian manifold R, such as the Riesz decomposition, the domination principle, the m-harmonic extension along a closed polar set, the balayage, and the solution to the Riquier problem. 
Proof. Let h 1 be harmonic on ω tending to f 1 on ∂ω. Extend this function outsideω so as to get a continuous function h * Proof. Let h = (h i ) m i 1 be an m-harmonic function on ω \e, such that each h i is locally bounded on ω. Now h i is harmonic on ω \ e, locally bounded on ω. Hence it extends as a harmonic function h 1 on ω. Let 
The uniqueness on extension follows from the uniqueness of extension of h 1 as a harmonic function on ω. 2 Remark. As above, it can be proved also: Let e be a closed locally-polar set in ω. Let 
Some characterizations of m-potential domains
In this section, we obtain some necessary and sufficient conditions for a domain Ω in R to be an m-potential domain and give a representation for the m-harmonic functions defined outside a compact set in an m-potential domain. Proof. Since p 1 is a potential with compact harmonic support, we can find λ 1 such that p 1 λ 1 Q 1 outside a compact set in Ω. Let 
The uniqueness of decomposition follows from Proposition 3.2. 
Proof.
(1) First we prove an auxiliary result in a Riemannian manifold R: Suppose y is a point fixed in R. Let G( y, x) be the Green potential (respectively the Evans potential, see Nakai [4] ) on R if it is hyperbolic (respectively parabolic). Then, given any superharmonic function u 1 outside a compact set in R, there exist a superharmonic function v 1 on R and a constant α 0 such that u 1 = v 1 − αG y near infinity.
Let 
We recall that from [6] , it can be seen that given a measure μ on Ω, Ω G(x, y) dμ( y) is a potential if and only if for one (and hence any) nonpolar compact k, R k 1 (y) dμ( y) < ∞. Using this, we conclude that
is a potential on Ω. Hence for some x 0 ∈ Ω, u(x 0 ) < ∞. That is,
(2) Conversely, suppose the integral is finite. Then
Thus proceeding, we finally arrive at the situation where we have a potential (1) Let Ω be an m-potential domain. Then by the above theorem, there exist two points x 0 and x 1 in Ω such that
is a potential on Ω.
Hence for any nonpolar compact set k,
is a potential so that 
Then in the sense of distributions we have the following equalities:
Thus proceeding, we arrive at the equality
where h m is an m-harmonic function on Ω. Since u(x) is a potential, for some x ∈ Ω, 
But this is not possible. For, if we allow r → ∞, then the left side tends to zero since u is a potential but not the right side since α n = 0. This contradiction shows that when n 2m,
n cannot be an m-potential domain. 2
Tapered m-potential domains
In the special case of The following theorem gives a sufficient condition for a domain to be a tapered m-potential domain. Proof. s is a finite continuous superharmonic function on Ω; and by hypothesis it is bounded also. Hence, using the Riesz decomposition s = p 1 + (a harmonic function), we find a bounded continuous potential p 1 
